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Reference is made to the various approaches leading to the timescale separation in aircraft dynamics. A sepa-
ration of the translational variables as slow states from the fast rotational ones is assumed as the starting point to
show that the Frenet triad can be conveniently adopted to develop algebraic expressions for the trajectory dynamics
of the aircraft. The solution of the aircraft motion is realized by first dividing the time domain into intervals, the
duration of which is of the order of magnitude of the characteristic time of the slow dynamics. Then, slow states
such as vehicle position and velocity are immediately obtained over the entire interval in the form of a series ex-
pansion. Finally, the equations of the fast subsystem are numerically integrated in the same interval. The accuracy
and efficiency of the proposed procedure is discussed in comparison with the straight numerical integration of the
full system of governing equations. The method lends itself to applications in trajectory optimization and inverse

simulation problems.

Nomenclature

acceleration of gravity

8
Sy, Iz, Iy moments and product of inertia

ki, k, = curvature and torsion

L, M,N = aerodynamic moment components

Lz, L;r = transformation matrices

m = mass

p,q,r = angular velocity components

R = inertial position

Ry, Rg, Rp = inertial position coordinates: north, east, and
down, respectively

s = curvilinear abscissa

T = thrust force modulus

t = time

u, v, w = velocity components in body axes

Vv = velocity modulus

\4 = velocity vector

Vu, Ve, Vp = inertial velocity components

X, Y, Z = aerodynamic force componentsin body axes

x = state vector

X, y,2 = c.g. coordinatesin the Frenet triad

o = angle of attack

B = sideslip angle

At = time interval, s

An; = time step of numerical integration

84,0, 0R = aileron, elevator, and rudder angles, respectively

Sr = throttle setting

ot = step size for numerical differentiation

I3 = c.g. position vector in the Frenet triad

0 = air density

()] = Euler angle vector

¢,0, % = Euler angles

w = angular velocity
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Subscripts

f = fast timescale

s = slow timescale

0 = initial value, either s equal to O or ¢ equal to %,

I. Introduction

N this work a procedureis proposed for the direct simulation of

aircraft dynamics. From considerations that the timescale sep-
aration (TSS) can be used to decouple the c.g. dynamics from the
attitude dynamics, it is shown that the aircraft trajectory can be
expressed by an algebraic form over a discrete time interval after
reference is made to its natural coordinates.!

The need was felt for TSS in aircraft dynamics for reducing the
computational cost in real-time simulations or for determining ap-
proximate solutionsto the airplane dynamics as requiredin the eval-
uation of the stability characteristics in the design of the control
system in the solution of inverse control problems. In general, the
aim was to reduce the order and the degree of the fundamental set
of equations that governs the airplane dynamics.

Systematic studies on TSS have been developed for about the last
three decades. The problems in which the TSS is adopted can be di-
videdinto two main groups. The first group correspondsto problems
related to the aircraft trajectory optimizationand involves consider-
ation of thec.g. dynamicsonly. In these cases, the main goalis to find
analytic solutions to simplified forms of the governing equations,
and the treatment is based on the theory of singular perturbations.
The procedure then requires that some state variables be subjected
to changes according to characteristic times, which are of order
€ with respect to the characteristic times of some other variables.
This leads to a power series expansion of the unknowns in terms
of € after such a parameter has been recognized. The mathematical
foundations of the works in this field are sound, although in some
cases, from the application point of view, the small parameter € is of
order one. In the existing literature, significant examples are those
by Ardema® and by Calise and Markopoulos? Both Refs. 2 and 3
deal with the search for analytic, optimal solutions to performance
problems, and, in particular, Ref. 3 more deeply investigates the
mathematical aspects and is more explicitly conscious of the many
difficulties. The need for a systematic approach foridentifyinge, via
nondimensionalizatian of the state variables, is particularly stressed
in Ref. 3, although such a nondimensionalizatia is not usually suf-
ficient, and ad hoc assumptions still are often necessary.
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The second group of problems deals with the design of flight con-
trol systems for nonlinear trajectories. Again, in related works*~’
the singular perturbation theory is adopted, following a postulated
existence of slow and fast (and, sometimes, intermediate) state vari-
ables. Then there is a formal separation of the c.g. motion equa-
tions from the equations for the attitude dynamics. The zeroth-order
terms of the slow variables expansion and the first-order, nonzero
fast variables appear, respectively, in the two sets of equations. The
identification of the small parameter € is not even attempted. How-
ever, the results of the procedure are very satisfactoryin most cases,
particularly when a significant difference in timescales between the
fast and slow states is present,® as the technique allows one to ob-
tain a very suitable reduction of the order of the dynamic system,’
simplifies the linearizing transformations in the synthesis of trajec-
tory controllers, and provides a consistent means for eliminating
ignorable state variables*

In all of the aforementionedcases, either those where the small €
of the matched asymptotic expansions could be really identified or
those where the existence of such a small parameter was postulated,
the reduction of the system order followed from the presence of a
wide separationin dynamics among the state variables.In particular,
in those cases where the full dynamics of the aircraft were dealt
with,*~7 the longer time was associated to the aircraft translational
variables and the shorter time to the rotations about the c.g.

In this study, by keeping the assumptions on the TSS just dis-
cussed, the slow, c.g. dynamics is solved by an algebraic formu-
lation, which applies over a time interval of the order of the long
characteristic time. The formulation of this approach stands on the
basic result, from differential geometry, that any curve in a three-
dimensional space can be locally approximated by a helix provided
that some conditions on its derivatives are satisfied.! Thus, the air-
craft trajectory appears to be a natural candidate to be represented
very closely by this helix. Leaving the details of the analysis to
the following section, the c.g. location along the flight path is con-
veniently expressed by a power series expansion in terms of the
curvilinear abscissa s, the coefficients of which are functions of the
natural or intrinsic coordinates, i.e., the curvature k; and the torsion
k,, and their derivatives.

Asaconsequence,once the overallsystemdynamicsare separated
into slow and fast subsystems, the simulation of the aircraft motion
can berealized by first dividing the entire time domain into intervals
At;, each interval corresponding to a tract of the c.g. path along
which the error associated to the power series expansion of the
currentlocationis keptbelow an assigned value. The initial curvature
and, in case a better approximationis desired, its s derivativeand the
torsion are easily evaluated from the dynamical state at the initial
time of the interval. At this point, all of the characteristics of the
c.g. motion are immediately known. Then, as a second step, the
set of differential equations governing the fast attitude dynamics is
numerically solved in each interval A¢;.

The proposed procedure allows the direct simulation of the full
dynamics of the aircraft with a reduction of computer time as com-
pared with the numerical integration of the complete set of equa-
tions, inasmuch as a problem of lower order is solved. Furthermore,
the expression in the new formulation of the trajectory variables
can be very convenientin performance optimization and in the so-
lution of inverse problems where a time-defined, three-dimensional
trajectory is to be realized by the aircraft?

The next section will present the details of the procedure for
solution of the governing equations based on TSS. In Sec. III the
adoptedmodel of the F-16 fighteraircraftwill be briefly recalled,and
some significant maneuvers will be simulated to show the validity
of the trajectory representationby a piecewise helix and to discuss
the accuracy of the integration method.

II. Analysis

The dynamics of a rigid aircraft is governed by the following set
of flat-Earth equations for zero ambient wind®:

Vy X+T 0
. - L

. m

Vb Z 8

Ry
R=|R;|=V 2
Rp
A+ A [ (I~ J2)
o= [0 = p)+ (= Lypr+M][J, 3)
(A + AT [ (30, = T2)
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Then
1 sin¢gtanf cos¢tand p
d=10 cos ¢ —sin¢ q 4)
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where @ = (¢, 6, ¥)7. In the preceding set, R is the position vec-
tor of the aircraft c.g. in the inertial frame F;, with R directed
vertically downward, and Eq. (1) is referred to F;, whereas Eq. (3)
is referred to a body-fixed frame Fj, with L;3(—¢, —6, —¢) the
transformationmatrix from F5 to ;. Also, (X, Y, Z)and (L, M, N)
are the aerodynamic force and moment components, respectively,
which depend on the velocity modulus V = |V|, the aerodynamic
angles o and B, the rotational velocity w, the density p(Rp), and
the control angles. Finally, Eq. (4) provides Euler angles rates as
a function of the angular velocity components. Therefore, the state
of the system, in general, is given by the vectorx = (V, R, w, D)7
with 12 scalar components, and its evolution is formally expressed
in state-space form as

x=f(x u),

where u is the control vector.

As stated in the preceding section, the set of components of x
can be divided into two subsets, the first one corresponding to the
slowly changing states and the second one associated with the fast
ones. In this context, the words slow and fast refer to variables that
respond to the actions of the controls with slow and fast variations,
respectively. Therefore,’

x(t =0) = xo ®)

x = (xj.,xf)T (6)

where x; = (V, R)” andx; = (w, D)7. A

Let us consider the trihedron of unit vectors 7, , and b moying
along the trajectory, where 7 is along the tangent, and & and b are
along the radius of curvature and the binormal, respectively. This
system, shown in Fig. 1, is also called Frenet’s triad F. At a given
time ¢t = f,, let us consider Fr with the origin O in the location of
the aircraft c.g. The transformation matrix from Fr to F; is

V n Vn
Lir=|— —.— 7
" <V m V|n|>0 ™

where n = V- VV/V, Vn is the matrix equivalent of the cross
product,V is given by Eq. (1), and the subscript O stays for t = t,.

X t
curvilinear abscissa: s(t) :J IVidt
0

Fig. 1 Frenet triad and intrinsic coordinates: tp, tangent plane; op,
osculating plane; np, normal plane; curvature, k; = d<1/ds; and torsion,
k2 = dnzlds.
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We then recall that any algebraic curve in three dimensions can
be locally expressed in Fr by the series expansion!

x($) s —s3 (kf)0/3!
€=y | = |2k f21+ 53K 31 | +0s*] ()
2(s) 52 (kiky)o /3!

after reference has been made to the intrinsic or natural coordinates
s, ki, and k,, namely, the curvilinear coordinate along the c.g. tra-
jectory, the curvature,and the torsion, respectively.In particular, the
curvaturek; gives the rate of change of the normal plane aboutb, and
the torsion k, represents the rate of change of the osculating plane
about 7. Again, the subscript O indicates s = 0 if s(f = 1) = 0.

Because s = V, and with reference to the c.g. trajectory, we can
write

s(t) = Vo(t—to) + 2 Vot —10)>+ £ Vot —10)>+0[ (t — 19)*] (9

Using the relations (8) and their time derivatives to express § and
then projecting £ and £ into the inertial frame F;, it is direct to
obtain the slow dynamics variables over a time interval of the order
of magnitude of the long characteristic time. In this respect, from
the differential geometry, curvature and torsion can be expressedin
the following forms!:

ky = (1/V)(V] = )7 (10)
det{V,V,V}

= — 11

2T vy — 5y (n

As a consequence, the expansion parameters (k)o and (k,)o and the
derivative (k{)o = (dk,/ds), in Egs. (8) are evaluated as functions
of Vy,Vy, andVy, which correspond to the initial state of the slow
system.

Note that, if we limit the series expansion of y(s), z(s), and s ()
[Egs. (8) and (9)] to the quadratic terms, then the calculation of
the current position s and of £ is straightforward because only the
state and control variables at ¢ = £, are required for the evaluation
of (k1)o and Vy, and the remainders represent the errors of trun-
cation. If we sum one more term in the series, the improvement
in accuracy depends on the accuracy in computing V, (k{)o, and
(ky)o numerically. In particular, for the approximation of V, this
time derivative is determined by a centered finite difference algo-
rithm, i.e.,V = [V(ty + 8t) —V (1, — 1)]/25t, where, by writing in
concise formV = h(x, u),itisV(to £ 8t) = h(x(ty £ 6t), u(to £ t)]
with x(#y £ 8t) = x(ty) £ x(ty)5t. The value of §¢ is selected to give
the required accuracy.

In the solution of the aircraft motion, the integration domain is
divided into a number of time intervals, the length At; of which is
related to the timescale of the slow dynamics. Thus, the variable »;
isdefinedas#;,_; < n; < ;. In theith interval the velocity modulus
is expanded as

Vn) = V<ti)+V<ti)ni+%nf (12)

We also define the vector E(n;) = (&, é)T so that the slow states
are expressed as

L;r(t;) 0 —_
x;(n;) = [ 0 sz(t,')} =(n;) (13)

Again, the components of E(»;) can be obtained in a way that is
either analytical or in part numerically calculated. In both cases,
the order of magnitude of the truncation error provides the order of
magnitude of Af;.

At this point the dynamics of the fast subsystem is governed by

xXp =gy, u,x;0n;) (14)

with initial conditionx ; (n; = 0) = x,(#), where the vector func-
tion g is given by Egs. (3) and (4). In the integration of the fast
dynamics, which is realized by a numerical procedure, the aero-
dynamic angles are calculated according to « = tan™!(w/u) and
B = sin~!(v/V), where the velocity components in body axes Fp
are obtained as (u, v, w)" = Lg,V.

A final comment on « and §: these quantitiesusually representan
obstacle when dealing with two-timescale problems by one of the
approaches that were already proposed in the pertinent literature.
This happens because « and B depend on both the slow and the fast
states. Sometimes they are just called intermediate time variables ®
Following the approach presented, no need was felt to introduce an
additional intermediate characteristic time, and the angle of attack
and the sideslip angle were properly evaluated without numerical
difficulty.

III. Results

In all of the applications discussed, the reference vehicle is the
F-16 fighter. The mathematical model of the aircraft was completely
evaluatedfollowingthe datainRef. 9, whichapply to the speedrange
up to a Mach number of 0.6, angle of attack —20 < o <45 deg,and
sideslipangle —30 < B8 < 30 deg. The engine thrust, modeled with
a first-order lag, is a function of power level, altitude, and Mach
number. Considered inputs are control surface deflections 84, &g,
and §x and throttle setting §7.

Our first results are intended to show how accurately the c.g.
trajectory can be calculated by the piecewise helix approximation
[Eq. (8)], provided that the dynamic state of the aircraftis correctly
known at discretetime intervals.In this case, as in all of the situations
that will be discussed later, at the initial time the airplane was in
trimmed level flight, at an altitude of 1000 m and at a speed of
100 ms™!.

Figures 2a and 2b show the trajectory of the c.g. of the reference
airplane after the aileron angle was changed with the time accord-
ing to the law presented in Fig. 2c, i.e., $4 () = 84, + 0.584{1 —
cos[2m(t — t.)/T;, 1}, where the subscript e stays for equilibrium
value, and 8, and T} . are the control amplitude and period, respec-
tively. Two separate inputs were given, atf, = 1 sand? = 11 s,
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Fig.2 Trajectory estimation: 0, state sampling at At; =253 /\ At; =
4 s; ——, Runge-Kutta code; ----, At; =2 s; and ---, At; = 4.
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10° 107 10°
At,
Fig.3 Error eg vs At;: ——, second-order expansion and - - - -, third-
order expansion.

with T5, = 4 s and §, = 6 deg in the two cases. As a reference,
the trajectory and the roll angle ¢ are also shown as they resulted
from the application of a fourth-order Runge-Kutta routine with a
time step of integration of 712 s (solid lines). The dashed lines show
the trajectory as it is analytically estimated at each time interval Ag;
of 2and 4 s.

At the beginning of each At;, as marked by the symbols & and A
for At; = 2 and 4 s, respectively, the initial state with the exception
of R was updated by introducingthe results of the Runge-Kuttacode
calculations. It is quite evident that even in the worst case of Af; =
4 s, the trajectory under the action of the control is satisfactorily
predictedover a very long time period. In the circumstance of a real
flight, measuring the state of the airplane at discrete times might
be sufficient to predict its future location with excellent accuracy,
althoughthe errorsin the evaluationof the c.g. positionprogressively
sum up.

Let the error in the calculation of the future c.g. position be ex-
pressed (in meters) by

1 (7
€R=—/ IAR|l dr
T J,

where T =50 s is the total time of integration, and AR is the dif-
ference between the R value calculated numerically and the value
obtained by the expansion for £. Figure 3 shows € as a function
of At; over the entire length of about 5800 m of the trajectory in
Figs. 2a and 2b. The effect of the order of the series expansion (8)
is also shown in Fig. 3, where the solid and dashed lines indicate
the second- and third-orderapproximationsof &, respectively.In the
latter case, for At; as high as 2 s, the value of € is less than 2 m.

Let us discuss now the application of the approximate solution
technique proposed. Figure 4 shows the evolution of some signifi-
cant quantities during an assigned time variation of the §z and 8,
control angles and the influence of the value of Af; on the accuracy
of the results. For both §4, and 8 we chose the same (1 — cos) law
as before, whereas the same values of amplitude and period were
maintained as before for §, and, to the variation of the elevator an-
gle, the amplitude § = 2 deg was given. Again, the solid lines in
Fig. 4 are relative to the calculations by the Runge-Kutta code with
an integration time step An; of ;—2 s. The broken lines correspond
to a At; duration of % and 1 s, when our procedure is followed, and
the series expansionof £ [Eq. (8)] includes the third-orderterm. We
observe that for Af; = 16An; the solid and the broken lines are
practically indistinguishablewhen the evolution of & and g with the
time are considered. However, a good accuracy is already obtained
for At; = 32An;. For p, even At; = 32An; gives excellent results.

Furthermore, 6 and ¢ are shown as obtained from the code and
from our approach for Af; =32An;. The results for these variables
are extremely good. Examination of Fig. 4 confirms that the cal-
culation of the angle of attack can be a delicate matter. In fact, for
At; =32An; the error begins to be sizable, although in any case it
is less than 10%.

Figure 5 shows how the addition of the third-order term in the
power series expansionof £(s) increased the accuracy of the results
reported so far. The third-order term cited before corresponds to
adding a second-order term to the expansion in Eq. (12). The less

130
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141 o (deg) 30| p (deg/s)

20/ 6 (deg)

0
ol O (deg) 12 3, (deg)
-4 _/\
5 \/ \V4 0 v
‘ -5
0 5 10 15 20 0 5 10 15 20
t(s) t(s)
Fig. 4 Time histories of significant variables: ——, fourth-order
Runge-Kutta integration; - -- -, At; = 16A n;; and ---, At; =32A n;.
107
first order accuracy
107
€
107 1
e second order accuracy
107 %—/“” i
2 = =
1
10 10 At, 0
Fig. 5 Error & vs At;: ——, second-order approximation and - -- -,

third-order approximation.

accurate, second-order representation of £ corresponds instead to
the prediction of the evolution of the trajectory in the osculating
plane at a given instant. The assigned control law on 64 is as shown
inFig. 2, and, as in the preceding application, only the fast statesx
are numerically integrated. In this case we define the error as

_ 1
€=N_5[Z€i

where

&= {[ /U - dt} / ( /U o dt>}

N, is the number of states, and x; r and x; rx indicate the value of
the ith state as computed by the present method and by the Runge-
Kutta algorithm, respectively. As one can realize from Fig. 5, the

o=
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Fig.7 Evaluation of the error € for a sinusoidal input on dg, € vs T,
for different values of the sampling interval A¢;.

improvement in the accuracy increases as the time interval At; de-
creases and, for the extended series, € can even be of an order of
magnitude lower than in the second-orderapproximation. However,
for very small At;, the error in the numerical evaluation of the co-
efficients of the higher-order terms in the expansion decreases the
accuracy of the algorithm.

When the expansion for £ is halted at the included s? term, the
error € in the calculation of the c.g. increases with Af;, as shown
in Fig. 5 by the solid line. In the latter case, the procedure can be
effectively called first-order accurate.

Up to this point we have focused our attention on the peculiar but
arbitrary maneuverof Fig. 2c, which seemed significantin providing
a great deal of information about the capabilities of the method. We
want now to be more precise about the influence of the sampling
time on the accuracy when the frequency of a prescribed control
action is changed. To this purpose we considered the same initial
trimmed conditions of the aircraft as before and imposed sine vari-
ation of amplitude £2 deg to the elevator angle. Figure 6 shows the
effects on € of At; for two values of the control period T;,, i.e.,
1.25 s (Fig. 6a) and 10 s (Fig. 6b). The Nyquist limit related to the
sampling frequency is also indicated in Fig. 6a, whereas in Fig. 6b
the sampling period is always much smaller than the input signal
period. As one would expect, the error reaches its maximum value
when the sampling frequency approaches the control frequency and
becomes otherwise negligibly small. Last, Fig. 7, for sampling in-
tervals At; = 0.5,0.75,and 1.0 s, shows € vs T;, . Here the Nyquist
critical frequency is interpretedin term of lower limits on the period
T, . At frequencies lower than the critical one, the error increases
as the input frequency approaches that of the short period mode,
the period equal to 4.4 s. Then, as the input period is increased and
becomes rather large compared with the sampling interval, the error
decreases, as expected, to very low values.

Table1l Comparison of CPU time:
An; = 3—12 s, o, second-order expansion,
o3 third-order expansion

At s o2, % o3, %
i 19.1 174
i 18.5 142
: 174 9.9
=+ 153 2.9

e

The final results concern the evaluation of the computer time
used when the proposed procedure is applied, as compared with
fourth-order Runge-Kutta integration of the full set of governing
equations. Table 1 reports the percent reduction of CPU time on
an IBM RISC/6000 3AT workstation for different values of Aft;
when the series expansion of £ includes the second (o, )- and third
(03)-order terms in s. We observe 19 and 17% maximum decreases
in CPU time, respectively, with respect to straight Runge-Kutta
integration that, in the considered reference simulation, took 18.5 s
of CPU time. The noticeable reduction of o3 as At; is decreasedis
due to the time-consuming numerical evaluation of V in the (k)o
and (k,), coefficients at the initial time of the interval A¢;.

IV. Conclusion

The evolution of the dynamical state of an aircraft can be very
effectively dealt with when the solution to the motion equations is
based on separation of the characteristictimescales and reference is
made to the Frenet triad and to the natural coordinatesof the c.g. The
availability of an analytic solution for the slow dynamics reduces
the computational time to that which is necessary for the calculation
of a maximum of six fast variables in the most general case.

The accuracy and simplicity of the method make it appealing
for a variety of applications, for instance, in guidance and control
problems and in the evaluation of maximum performances, where
advantage can be taken of both the reduced order of the system and
the algebraic expression of the translational states.
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